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We prove that a Lanczos potential Labc for the Weyl candidate tensor Wabcd does not
generally exist for dimensions higher than four. The technique is simply to assume the
existence of such a potential in dimension n, and then check the integrability conditions
for the assumed system of dierential equations; if the integrability conditions yield an-
other non-trivial dierential system for Labc and Wabcd, then this system’s integrability
conditions should be checked; and so on. When we nd a non-trivial condition involving
only Wabcd and its derivatives, then clearly Weyl candidate tensors failing to satisfy that





The mere presence of an unadulterated Riemannian geometry of specically 4-dimensions
brings into existence a tensor of third order of 16 components, which bridges the gap between
the second-order tensor of the line element and the fourth order tensor of the Riemannian
curvature. C. Lanczos (1962) Rev. Mod. Phys. 34, 379.
In the last few years, although there has been renewed interest in, and a deeper understand-
ing of, the 3-tensor potential proposed for the Weyl curvature tensor by Lanczos (1962),
there exists still a question mark over whether its existence is unique to 4-dimensions, as
claimed by Lanczos.
In this paper we demonstrate that it is not possible, in general, to obtain a Lanczos
potential for all Weyl candidates in spaces of dimension n, where n > 4; this does not
prove unambiguously the truth of Lanczos’ claim [for the Weyl curvature tensor], but
certainly emphasises that four dimensional spaces play a very special role regarding the
existence of Lanczos potentials.
Lanczos proposed that, in four dimensions, the Weyl tensor Cabcd could be given locally








Labc = L[ab]c (2a)
L[abc] = 0 (2b)
and  denotes the usual Hodge dual. Bampi and Caviglia (1983) have shown that, although
his proof was flawed, Lanczos’ result is still valid. Moreover, Bampi and Caviglia (1983)
have shown that a Weyl candidate i.e., any 4-tensor Wabcd having the index symmetries
Wabcd = W[ab]cd = Wab[cd]; W
a
bad = 0 (3a)
Wa[bcd] = 0 (3b)
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can be given locally in such a form, in four dimensions. Illge (1988) has given equiva-
lent existence results (as part of a larger investigation), using spinors, in 4-dimensional
spacetimes with Lorentz signature.
Although the form given in (1) clearly cannot be generalised directly to other dimensions,
yet by writing (1) in an equivalent form, without Hodge duals, it is straightforward to
generalise (1) to n > 4 dimensions,


























where Wabcd and Labc satisfy (3) and (2) respectively, (Bampi and Caviglia (1983) ).
Lanczos gave no direct support for his claim regarding the priviliged role of 4 dimensions,
although there is some indirect evidence (see Note 5 below) that Lanczos potentials may
not exist in higher dimensions. So we now consider the question whether every 4-tensor
Wabcd having the index symmetries (3) can be given locally in the form (4) in terms of
some Labc with the properties (2), for all spaces of dimension n, where n > 4.
For simplicity, we restrict consideration to the Lanczos gauges (Lanczos (1962), Bampi
and Caviglia (1983) )
Laba = 0 = Lab
c
;c (5)
and, in the rst instance, to flat space; then we generalise our calculations to curved space.
2. Lanczos potentials for Weyl candidates in Flat Space.



























where we have used (4) to obtain the rst term on the right hand side.
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For n = 4.






i = 0 (8)








belongs to a special class of dimensionally dependent identities found
by Lovelock (1970); it is identically zero in four, but not in higher dimensions.
The fact that (7) is a trivial identity in four dimensions is of course exactly what we would
expect in view of the existence result of Bampi and Caviglia (1983) in four dimensions.
For n > 4.
















jije] = 0 (9)
It is easy to show that the left hand side is not identically zero in n > 4 dimensions. One
straightforward way is simply to substitute for a; b; c; d; e = 1; 2; 3; 4; 5 respectively, and
examine the resulting expression. Another, more interesting method is to note that for the
subclass of tensors satisfying W abcd;a = 0, the constraint (9) reduces to
W ab[cd;
i
jije] = 0 (10)
which is clearly not identically zero, in n > 4 dimensions, even when W abcd;a = 0. So, by
virtue of (4), there is an eective restriction (9) imposed on Wabcd in dimensions n > 4, in
flat space.
3. Lanczos potentials for Weyl candidates in Curved Space.
If we next carry through the same steps | in curved space | that lead to (9), then the
right hand side of (9) becomes very complicated with more than one thousand terms in
Labc, and its rst and second derivatives (but no higher derivatives.) For this very long
calculation, and to ensure accuracy in the other calculations in this paper, we have used
the algebraic computing package TENSIGN, Ho¨glund (1997).
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Since we are only concerned with checking for the general result i.e., whether the potential
exists for all spaces of dimension n, where n > 4, then it will be sucient to conrm its
invalidity in a particular subclass. Therefore, we specialise to spaces of constant curvature,





























where R is the scalar curvature. Hence we see that once again the choice (4) leads to an
eective restriction (11) on Wabcd. (As expected, this constraint collapses, again by virtue
of Lovelock’s identities, when we substitute n = 4).
Therefore we can conclude that,
Theorem. It is not possible for all tensors Wabcd | with the properties (3) | to be given
locally in the form (4) for a potential Labc | with the properties (2) | in all spaces of
dimension n, where n > 4.
4. Discussion.
A number of points should be emphasised:
1. We have only shown directly that Lanczos potentials for all Weyl candidates fail to
exist for two classes of spaces | flat and constant curvature | and so there may still
be the suspicion that such potentials could exist for some other special classes of curved
spaces. However we point out that, although we have not been able to write the analogue
of (11) in a general curved space only in terms of Wabcd and its derivatives, yet the fourth
and third derivatives of Labc disappear leaving only terms in Labc and its rst and second
derivatives.
2. Of course this result does not rule out the possibility of some of these tensors Wabcd
having such a potential | even in flat spaces, or spaces of constant curvature. For instance,
suppose that a tensor Babcd satises the Bianchi-like equation Bab[cd;e] = 0; in flat space,
in all dimensions, it is well known that tensors Babcd with this additional property can be
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written as Babcd = 2ha[c;d]b − 2hb[c;d]a. Consider next the case where Babcd is trace free
i.e., Babcd  Wabcd, and it follows that Wabcd, satisfying (3) and the additional property
Wab[cd;e] = 0, can always be written in the form (4) with the appropriate 3-potential
Labc = hc[a;b]. Clearly for Wabcd with such properties, the left hand side of equation (9)
disappears trivially, and so (9) is no longer an eective constraint in this case.
3. We have been considering Weyl candidates in general, and have shown explicitly that
the set of Weyl candidates for which a Lanczos potential can be dened in dimensions n,
where n > 4, does not exhaust the complete set; since the Weyl tensor is itself a special
case from the set of all Weyl candidates then we are unable to draw any direct conclusions
for Weyl tensors from our results above. We consider this problem separately elsewhere.
(Andersson, Edgar and Ho¨glund (1997)).
4. In a parallel problem, regarding the existence of a potential ~Labc with the properties
(2a), for a 4-tensor ~Wabcd with the properties (3a), Bampi and Caviglia (1983) have claimed
that such a potential ~Labc generally does not exist in spaces of n > 6, but does exist for
spaces of dimension n = 4; 5; 6. However, it is important to note that although this parallel
problem is equivalent to the original one, when n = 4, it is not equivalent to the original
one, when n 6= 4, and so this parallel result cannot be applied to the original problem for
n 6= 4. Therefore the conclusion | that a Lanczos potential Labc for the Weyl tensor Cabcd
exists only in spaces of dimension 4,5,6 (see Roberts (1989), Edgar (1994a,b)) | which
has been drawn from the result of this parallel problem is unjustied.
(In fact in the calculations of Bampi and Caviglia (1983) leading to the parallel result just
mentioned, there seems to be a simple computational error in the very last step of their
argument; when this is corrected, their result for the parallel problem should be that a
potential does exist generally for spaces of dimension n = 4; 5, but not for spaces where
n > 5.)
There is clearly no contradiction with the results of this paper which shows the absence
of Lanczos potentials Labc generally for spaces of dimension n = 5, as well as for n > 5;
Bampi and Caviglia (1983) considered a dierent problem from this.
5. The non-existence of the Lanczos potential, in dimensions n 6= 4, should not really
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come as a surprise. Firstly, the existence proofs of Bampi and Caviglia (1983) and Illge
(1988) depend explicitly and crucially on dimension four; it has proved impossible to write
these proofs in a manner which could be used in arbitrary dimension. Secondly, it has
been shown by Illge (1988), via spinors, and by Edgar (1994a), via tensors for arbitrary
signature in 4 dimensions, that substitution of (1) into the Bianchi equations gives the
very simple dierential equation
r2Labc = 0 (12)
for zero Ricci tensor. On the other hand, for dimensions n > 4 substitution of (4) into the


















for zero Ricci tensor,( Edgar and Ho¨glund (1997)). Equation (12) links up with classical
existence and uniqueness results for second order partial dierential equations; the more
complicated equation (13) is not suitable for applying these classical results.
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